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Introduction

In protein ultrafiltration (UF), critical flux is generally
considered the point on the flux-pressure curve where the
permeate flux begins to significantly deviate from the pure
solvent flux line. This concept has generally been associated
with membrane fouling. Recently, however, we showed that
a free-solvent-based model (FSB model) demonstrated that
osmotic pressure can be the primary and dominant factor for
the nonlinear flux behavior observed in protein UF. Conse-
quently, the critical flux may be the results of two phenom-
ena, the osmotic pressure effect and potential irreversible
fouling. Here we show that the fouling-independent compo-
nent of the critical flux can be redefined as the critical point
of the second derivative of the flux-pressure profile deter-
mined from the FSB model. This definition of the fouling-in-
dependent component of critical flux was compared to values
traditionally determined qualitatively on the flux-pressure
curve and was found to be in excellent agreement with these
experimental observations.

During protein ultrafiltration (UF), critical flux has been
generally considered the mark of the deviation of the perme-
ate flux from the linear pressure dependence of the pure sol-
vent flux. It has been defined as the flux below which no
fouling occurs.1 Critical flux has seen growing interest from
the researchers over the past 10 years due to the importance
in understanding the nonlinear flux-pressure dependence dur-
ing UF processes.2–8 Bacchin et al.1 recently published a
comprehensive review that summarizes the research on the
critical flux. Despite the variation in theories, experimental

methods, and mathematical models developed by different
researchers, the general agreement is that the nonlinear flux
behavior is the result of the hydraulic resistance associated
with various membrane fouling phenomena. Hence, a family
of critical fluxes (strong form, weak form, and critical flux
for irreversibility) is defined based on different types of foul-
ing behaviors.

Recently, we have developed a new flux model, the free-
solvent-based (FSB) model (based on the free-solvent model
for osmotic pressure9–13).The free-solvent model for concen-
trated solutions has been around of some time but has, sur-
prisingly been overlooked for its application to concentrated
protein solutions. As early as 1916, Frazer and Myrick14 an-
alyzed the nonidealities in aqueous sucrose solutions using a
free-solvent model. More recently, other researchers, in a
similar approach, based their models on the van’t Hoff equa-
tion, but only had limited success for protein solutions up to
moderate concentrations.15–18 However, we have subse-
quently demonstrated that a free-solvent model corrected for
ion binding demonstrates excellent predictability for osmotic
pressure of concentrated solutions of lysozyme, ovalbumin,
albumin and immunogamma- globulins in a range of moder-
ate salt solutions with varying pH. In fact, the free-solvent
model demonstrated excellent prediction for protein concen-
trations up to saturation concentrations.

We have recently shown that this model provides excel-
lent prediction and characterization of the flux-pressure
behavior in protein UF.19 We further showed that when
membrane fouling contributions are experimentally mini-
mized, the permeate flux continues to demonstrate nonlinear,
reversible pressure dependence, and reaches limiting flux at
sufficiently high pressure. These observations are in excel-
lent agreement with the FSB model prediction. The unique
feature of the free-solvent model for this work is that one
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can relax the membrane fouling dominant contribution, and
still successfully predict and characterize the flux behavior
for the entire pressure range through the limiting flux region.
The FSB model also reveals that nonlinear flux behavior
exists due to the highly nonlinear variation of osmotic pres-
sure in highly concentrated solutions, which are inevitable at
the membrane wall during UF. Thus, a natural consequence
of the response of osmotic pressure to the increase in applied
hydraulic pressure is that it will dramatically affect the flux-
pressure behavior in protein UF, regardless of fouling. Thus,
it is advantageous to decouple the effects of osmotic pres-
sure when evaluating the onset of critical flux. The FSB
model provides the appropriate approach to do this.

Figure 1 is a schematic diagram of the membrane region
that illustrates the concept of the hydration effects during
protein UF. The molecules within each dashed ellipse repre-
sent a single hydrated protein in the free-solvent model.
Since water molecules that bind to the protein have altered
chemical potential with respect to free water molecules, only
the mole fractions of the free water should be considered
when the van Laar equation is invoked to calculate the os-
motic pressure.

The objective of this work is to examine the fouling-inde-
pendent component of critical flux in protein UF in the
framework of the FSB model and compare these results to
observed critical flux behavior.

Experimental observations

Limiting flux experiments have been reported and ana-
lyzed previously.19 Briefly, flux results from cross-flow ultra-
filtration experiments (shear rate of 116 s�1) of moderate
ionic strength (0.15 M NaCl) solutions of ovalbumin (OVA),
bovine serum albumin (BSA) and immuno-gamma globulin

(IgG) were determined for various operating pressures and
pH. Nonlinear flux-pressure behavior, as well as the
approach to limiting flux was observed in all experiments.
Composite regenerated cellulose (CRC, 30 kDa MWCO,
Millipore, Bedford, MA) was used for this work. CRC mem-
branes are recognized for their low extent of membrane foul-
ing. Additional membrane fouling effect was minimized by
using preconditioned membranes that had been soaked in the
corresponding protein feed solutions. The hydraulic perme-
ability of all conditioned membranes were within the error
range of that of the fresh membrane (n ¼ 32 cases), and the
change between the pre- and post-experimental hydraulic
permeability was consistently less than 10%. In addition, the
observed flux behavior demonstrated strong reversibility,
confirming that we were observing the fouling-independent
component of flux.

FSB model calculation

As pointed out previously,19 permeate flux is calculated
by the FSB model that uses the Kedem-Katchalsky model
(Eq. 1),20 film theory (Eq. 2),21 and the free-solvent repre-
sentation for osmotic pressure (Eq. 3)9–13:

Jv ¼ LpðDP� rDpÞ; (1)

Jv ¼ k ln
Cw � Cp

Cb � Cp

� �
; (2)

and

Dp ¼ �RT
�V1

ln
xf1;w

xf1;p
: (3)

In Eq. 3, the osmotic pressure across the membrane Dp, is
calculated following the van Laar equation, with xf1;w and

Figure 1. Schematic diagram of the membrane region
that illustrates the concept of the hydration
effects during protein UF.

The molecules within each dashed ellipse represent a single
hydrated protein in the free-solvent model. The water mole-
cules that bind to the proteins have different chemical
potential than those unbound, free water molecules, there-
fore, only the water molecules outside the dashed lines are
considered as solvent. When the van Laar equation is
invoked to calculate the osmotic pressure, only the mole
fractions of the free water should be considered.

Figure 2. Experimental data and model simulation.

The symbols represent the experimental results of UF
experiments for OVA (at pH 7.0), BSA (at pH 7.4) and IgG
(at pH 7.4) in moderate NaCl solution. All flux results were
reduced by the pre-experimental hydraulic permeability for
each experiment. The curve on each data set is the simula-
tion curve calculated by the FSB model. The respective sec-

ond derivative
@2ðJv=LpÞ
@DP2 vs. DP, for each case is also plotted

on the same plot. The critical point of the second derivative
defines the fouling-independent critical flux on the flux-pres-
sure curve, and each corresponding critical flux is noted by
arrows.
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xf1;p being the mole fractions of free water at the membrane
wall, and in the permeate flux, respectively. At each chosen
pressure, the permeate flux is calculated through iteration.
This procedure is applied to the entire flux-pressure range
through the limiting flux region. The detailed discussion of
the FSB model can be found in Wang and Rodgers.19 It
should be pointed out that the aforementioned theoretical
procedure does not take into consideration of any membrane
fouling contribution and is focused on the fouling-independ-
ent contributions to flux.

Simulation curves calculated by the FSB model are plotted
with experimental data (OVA at pH 7.0, BSA at pH 7.4 and
IgG at pH 7.4, represented by symbols) in Figure 2. The
mass-transfer coefficients used in the calculations were deter-
mined by regression on the last data point (which corre-
sponds to the highest protein wall concentration) of each
data set. As Figure 2 shows, the FSB model not only pre-
dicts limiting flux, but it also provides excellent characteriza-
tion of the nonlinear flux-pressure behavior.

Definition of fouling-independent critical flux:
model calculation and discussion

From these results we can define the fouling-independent
critical flux as the flux at the critical point of the second
derivative of the FSB flux-pressure profile. This definition
is also illustrated in Figure 2. In Figure 2, the simulation
curves of Jv/Lp vs. DP function were plotted together with
the respective second derivative

@2ðJv=LpÞ
@DP2 vs. DP. All deriva-

tives were calculated numerically using the backward finite
difference method. The corresponding points where the criti-
cal fluxes occur according to the new definition are noted
by arrows. As Figure 2 shows, the critical flux defined by
this method is comparable to the qualitative definition of
fouling-independent critical flux corresponding to deviation
of the flux-pressure curve from the solvent flux line.

The simulation of the experiment of IgG at pH 7.4 is used
here as an example for further discussion of the new defini-
tion for the critical flux. Different graphical illustrations for
the defined critical point are summarized in Figure 3a–c, and
they are Jv/Lp vs. DP plot,

@2ðJv=LpÞ
@DP2 vs. DP plot, and Dp vs.

DP plot, respectively. The critical point that defines the criti-
cal flux was also represented in each plot by the star symbol.
As Figure 3c shows, the physical meaning of the fouling-inde-
pendent critical flux, defined this way, marks the point where
osmotic pressure begins to become significant and competitive
to the applied hydraulic pressure. Figure 3c, simultaneously,
represents the behavior of the permeate flux deviation from
the pure solvent flux Jv(solvent) � Jv, since with the assump-
tions of constant Lp,

JvðsolventÞ
Lp

¼ DP and Jv
Lp
¼ DP� Dp (with

r modeled as 1) are invoked. When Figure 3c is interpreted
as the [Jv(solvent) � Jv] vs. DP plot, it provides a comparable
definition to the marked point when the flux-pressure behavior
first becomes nonlinear, since as Figure 3c shows, below foul-
ing-independent critical flux, the difference between Jv(sol-
vent) and Jv is observably negligible.

Conclusion

In this work, the concept of critical flux is revisited
through the FSB model for the permeate flux in protein UF.

Figure 3. Graphical illustrations of fouling-independent
critical flux using the simulation of the
experiment of IgG at pH 7.4 as an example.

The critical point that defines the fouling-independent criti-
cal flux is represented in each plot by the star symbol. Fig-

ure 3a is the Jv/Lp vs. DP plot. Figure 3b is the
@2ðJv=LpÞ
@DP2 vs.

DP plot, with the point of the fouling independent critical
flux being the critical point of the curve. Figure 3c is the
Dp vs. DP plot, and the point of fouling-independent critical
flux marks the point where osmotic pressure becomes sig-
nificant and competitive to the applied hydraulic pressure.
Figure 3c can be interpreted as the [Jv(solvent) � Jv] vs.
DP plot, and it simultaneously represents the behavior of
the permeate flux deviation from the pure solvent flux, since

Dp ¼ JvðsolventÞ
Lp

� Jv
Lp

(with r modeled as 1).
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It is observed that critical flux may be the results of the
combination of a fouling and a fouling-independent compo-
nent. Here we have use a free-solvent-based osmotic pres-
sure model (FSB) to decouple the fouling-independent com-
ponent of critical flux. Furthermore, we have shown that the
FSB model provides a mathematical definition of the foul-
ing-independent critical flux as the ‘‘critical point’’ of the
second derivative of the flux-pressure profile. The physical
meaning of the fouling-independent critical flux defined this
way is that it marks the point where osmotic pressure starts
to become significant and competitive to the applied hydrau-
lic pressure. Finally, we have shown that this prediction for
fouling-independent critical flux is in excellent agreement
with the qualitative observed point of critical flux for pre-
fouled membranes.
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Notation

Jv ¼ volumetric permeate flux, m/s
k ¼ solute mass-transfer coefficient, m/s
Lp ¼ hydraulic permeability, m/s-Pa
xi ¼ molar fraction of species i

DP ¼ transmembrane hydraulic pressure, kPa
R ¼ ideal gas constant, 8.314 J/mol-K
T ¼ temperature, K
Vi ¼ partial molar volume of species i, m3/mol

Greek letters

Dp ¼ transmembrane osmotic pressure, kPa
r ¼ reflection coefficient

Superscripts

I ¼ phase I
II ¼ phase II
f ¼ free solvent

Subscripts

1 ¼ water
w ¼ membrane wall
p ¼ permeate
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